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Abstract 

I consider a truncation of low-energy string theory which contains two C/(l) gauge 
fields. After making some general comments on the theory, I describe a previously-obtained 
instanton for the pair creation of black holes when both gauge fields are non-zero, and obtain 
the pair creation rate by calculating its action. This calculation agrees qualitatively with 
the earlier calculation of the pair creation rate for black holes in Einstein-Maxwell theory. 
That is, the pair creation is strongly suppressed in realizable circumstances, and it reduces 
to the Schwinger result in the point-particle limit. The pair creation of non-extreme black 
holes is enhanced over that of extreme black holes by e^''''/^. 
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1 Introduction 



The study of black hole pair creation is of considerable interest for the exploration of quantum 
gravity. Like black hole evaporation, it represents a truly quantum gravitational process, 
being classically completely forbidden. At the same time, it is easy to achieve a physical 
understanding of what is happening; there is a strong analogy with the creation of particle- 
antiparticle pairs in quantum field theory, as can be seen from the fact that the black hole pair 
creation rate reduces to the particle-antiparticle rate in the limit of small black holes. If we 
trust this analogy to particle physics, the pair creation rate should depend on the number of 
accessible states for the black hole, so we can find out how many states the black holes should 
have by studying pair creation (although we can't find out what those states are). Black hole 
pair creation involves topology change, and this suggests that including the effects of topology 
change will be important to a proper understanding of quantum gravity. 

Because of the topology change, black hole pair creation is studied in the path-integral 
approach to quantum gravity, by finding a suitable instanton (that is, a solution of the classical 
equations of motion with Euclidean signature) which describes the transition from the given 
initial to final data. Most of the work to date has focussed on the pair creation of charged 
black holes in a background electromagnetic field, both in Einstein-Maxwell theory and in 
a generalisation of this theory which includes a dilaton |2|, ^ , whose action is 

^ = -JF- / - '^9''cf>d,cP - e-^-'^F^) -^<f (K- Ko). (1) 
iDvr Jm ovr Jqm 

The present paper is concerned with a different generalisation of Einstein-Maxwell theory, 
to include two U{1) gauge fields and a dilaton, called the U{1)'^ theory. This is a somewhat 
more typical example of a low-energy effective theory arising from superstring theory, as the 
compactification of the extra dimensions will typically give an effective theory with a large 
number of ?7(1) gauge fields. As I will argue in Sec. ^, the most appropriate effective action 
for this theory is Q: 

IsoiA) = -7^ f (R- 25^<A5m0 - (e^'^F^ + e-^'f'G^)) - ^ <j> (K - Ko), (2) 

where F^i, and G^^ are the two U{1) gauge fields. This theory is a consistent truncation 
of low-energy heterotic string theory One of the advantages of this truncation is that it 
includes the Einstein-Maxwell theory as a special case, when = and F^u = G^^. That is, 
Einstein-Maxwell is also a consistent truncation of string theory. The truncation (^) can also 
be derived from the 50(4) version of = 4 supergravity It also includes the action (Q) 
with a = 1, when one of the gauge fields vanishes. 

There are two duality symmetries in the C/(l)^ theory; one of them is a generalisation of 
the usual electric-magnetic duality, while the other is trivial on the Einstein-Maxwell solutions. 
Charged black hole solutions of (^ were found by Gibbons [^. These solutions include the 
Reissner-Nordstrom metrics when the two gauge charges are equal, so the Reissner-Nordstrom 
solutions correspond to dyonic solutions of this theory. The duality symmetries and the black 
hole solutions are reviewed in Sec. ^. 

An instanton describing pair creation of charged black holes in background fields in this 
theory was obtained in Q, and is reviewed in Sec. ^. This instanton is obtained from a 
generalisation of the Ernst solution of Einstein-Maxwell theory so that the black holes have 
two gauge charges and there are two corresponding background fields. The instanton is very 
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similar to the Ernst instanton, but the presence of two background fields introduces some 
interesting complications. In particular, the black holes are not spherically symmetric in the 
extremal limit in this case, unlike the Einstein-Maxwell case Q. 

The main aim in this paper is to calculate the pair creation rate given by this instanton, 
which will allow us to extend the conclusions of ^ to this case. The amplitude for pair 
creation in the instanton approximation to the path integral is given by , where / is the 
action of the instanton. The pair creation rate will thus be given by e~^'', where /{, is the 
action of the "bounce", an instanton-anti-instanton pair. Sec. Q is thus dedicated to the 
calculation of the action for the bounce. We find that the pair creation of non-extreme black 
holes is enhanced over that for extreme black holes by e'^''''/^, from which we conclude that the 
non-extreme black holes have e-^'''^^'^ more states than the extreme ones. That is, we conclude 
that the number of states is given by e^'''^. In the point-particle limit, where the black holes 
are small on the scale set by the acceleration, the pair creation rate reduces to the Schwinger 
result. That is, to leading order, the pair creation rate for the black holes is the same as that 
for particles of the same mass and charges. In summary, the results of this calculation of the 
pair creation rate are essentially those of the calculation for the Einstein-Maxwell theory in 
1^, |8|; this might not seem surprising, as the Einstein-Maxwell theory is included as a special 
case, but there is much more freedom in the theory, so it is a non-trivial result. 

2 Properties of the theory 

In IQ], two actions were given for a low-energy theory with two U{1) gauge fields and a dilaton, 

IsoiA) = I {R- ^d'<t>M - + e-"^G')) - ^ / {K - Ko) (3) 

^ ' Ibvr Jm ott JdM 

and 

Isuw = -7^ f (R- ^d'-'Pd,^ - e-'HF' + G^)) - ^ / (K - Ko). (4) 
^ ' IGtt Jm 8tt JdM 

These can be regarded as arising from the S'0(4) and «S'C/(4) versions of = 4 supergravity 
respectively |5[. If we take 

F'fj.i/ — 2^ ^^vpcjF^ ; (5) 

It is easy to see that (^) and (^) give the same equations of motion, but the values of these 
two actions are different. To calculate the pair creation rate, we need to know which of these 
actions we should take. 

If we consider the Einstein-Maxwell case, where F^y = G^y = -^^i-w (say), and = 0, 
(|3|) reduces to the usual Einstein-Maxwell action, with Maxwell field J-^y, while in (^, the 
two gauge field terms cancel. I therefore think that, since we use the Einstein-Maxwell action 
in the calculation of the pair creation rate in the Einstein-Maxwell case, we should use (P) 
to calculate the pair creation rate in this case. In ||^], where the pair creation instanton was 
obtained, the solutions were written in terms of F and G. Since I will use @ to calculate the 
pair creation rate, I will instead write them here in terms of F and G. 

One interesting feature of the U{1)'^ theory is that it has two distinct duality symmetries. 
The equations of motion of this theory are invariant under a duality transformation, 

F^fiu F^fiu ~ 2^ ^livpcjP^ ) (6) 
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G^u ^ G^, = ie-2'^e^,p,G''^ </> ^ (7) 

which is analogous to the ordinary electric- magnetic duality transformation of Einstein-Maxwell 
theory. The equations of motion and the action (^) are also invariant under the interchange of 
the two gauge fields, F^j^ G^y. If we combine these, we find that the equations of motion 
and the action (^) are invariant under the "duality" 

Ffiv G^iy, G^y F^y^ (p —4>- (8) 

If we think of F as the field variable rather than F, this "duality" just interchanges the two 
gauge fields and reverses the sign of the dilaton. 

On the Einstein-Maxwell solutions, for which F^^, = G^i, and = 0, (§) is a trivial 
transformation. In general, we will consider solutions for which the transformation just 
corresponds to an interchange of the parameters of the solution. These solutions will be said 
to have a manifest duality symmetry. The action (P) is invariant under this manifest duality 
symmetry. 

The charged black hole solutions of the U{1)'^ theory are ||6|: 

ds"^ = -Xdf + X-^dr^ + R^dn, (9) 

e2<^ = e2'^«^, (10) 
r — Zj 

F = Qe-"^" sin OdO A dip, G = Pe^'' sin OdO A dip, (11) 

where 

A = (^-^^^f "^ ^^ = ^^-^^ (12) 

and g 



r±=M±v'M2 + S2-p2_g2^ S = ^^^^. (13) 

There is a curvature singularity at r = \T,\. The physical degrees of freedom are P,Q,M and 
4)0; M is the mass of the black hole, and e~^°Q and e'^op are its gauge charges. Note that 
both the gauge fields are magnetic, when we write the solutions this way. One can also obtain 
a solution with two electric fields, but I will restrict attention to the magnetic case. We could 
keep the asymptotic value of the dilaton (pQ as a free parameter, but I will instead fix it by 
requiring that the dilaton match to an appropriate background value at infinity. The solution 
has a manifest duality symmetry, as the solution is unchanged when 

F ^G, 4)^ -4>, (14) 

and 

Q ^ P, S ^ — S, (po ^ —(pQ. (15) 



3 The pair creation instanton 

The pair creation of black holes is described by an instanton, that is, a solution of the classical 
equations of motion with Euclidean signature, which acts as a saddle-point in the path integral. 
The solution which gives the instanton in the U{1)'^ theory, which I will refer to as the C/(l)^ 
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Ernst solution, was obtained in It is a generalisation of the Ernst solution of Einstein- 
Maxwell theory Like the Ernst solution, it describes a pair of oppositely-charged black 
holes undergoing uniform acceleration under the influence of background electromagnetic fields. 
It asymptotically approaches an analogue of the Melvin solution [11|, which describes the 
background fields, which I will refer to as the U{1)'^ Melvin solution. 
The Melvin solution is 

ds^ = A^-dt^ + dp" + dz^] + (16) 

A --EmI. b --EE£^ (17) 

Gfiu = F^u = d[^B,^], (18) 

A = l + ^Bl,p^^ = l + ^El,p\ (19) 
This solution has a manifest duality symmetry under 

F ^ G, (j) ^ -4>, and Bm ^ Em- (20) 

It represents a pair of magnetic fields which are essentially uniform near the axis p = 0, with 
field strengths given by Em and Bm- The fields depart from uniformity away from the axis 
because the field energy curves the spacetime. However, in practice we cannot construct such 
strong fields, so the physically interesting part of this solution is the region near the axis. 
The U{1)'^ Ernst solution is 

ds' = y^2 [F{x){G{y)df - G-\y)dy^) (21) 

e'^o ( Bdx \ , 
e-'^o ( Eax \ 



where 



G^i, — d^^A^^, F^i, — d[^B^^, (25) 



?2n ^2 



B\l -x^ - r+Ax-^){l + r^Ax){l - T^AyY 
2>l2(j;-y)2(l-S^x)2 
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^ = 1 + 



+ 



E^{1 -x^ - r+Ax^){l + r^Ax){l + T^Ayf 
2A'^{x-yY{l + Y.AxY ' 

F{i) = 1 - Ts'^A^f, (28) 
GiO = (1 _ SM^C^) ' ^^^^ 



and 



= ^(r+-E)(r_-S) + iA2s3(r_-S) (30) 

= Q' + ^A^i:\r_-i:), 

= ^(r+ + S)(r_ + S)-iA2s3(r_+S) (31) 

= p2 - ^A2s3(r_ +S). 

As we will see below, this solution represents a pair of oppositely-charged black holes acceler- 
ating away from each other in a background field, although the coordinate system used here 
only includes one of the black holes. The black holes carry two magnetic gauge charges, and 
the background consists of two magnetic fields, which reduce to the fields in the f/(l)^ Melvin 
solution if we go to infinity along the axis of symmetry. The constants (po^k, and k' will be 



chosen so that the solution at infinity agrees with (16). 

For r^A < 2/{3\/3), the function G{^) has four real roots, which I denote in ascending 
order by ^i, Csi ^4- It is convenient to define another function H{(,) = G(^)F(^), so that I 
may write 

H{C) = -{r+A)ir_A){C - 6)(e - " - ^4). (32) 

I restrict the parameters so that .^i = —l/r^A and < ^2 < < ^4- The surface y = = 
—l/\Ti\A is singular; this is the singular surface inside the black hole, that is, the singular 
surface at r = |S| in the black hole solutions (P). As r_ > > ^o- The surfaces 

y = ^i, y = £,2 are the inner and outer black hole horizons, and y = ^3 is the acceleration 
horizon for an observer comoving with the black hole. The coordinates (x, (p) are angular 
coordinates which cover two-spheres around the black hole, except when y = ^3. So that the 
metric has the appropriate signature, x is restricted to the range ^3 < x < .^4 in which G{x) 
is positive. At x = {^3, ^4}, the norm of d/dip vanishes, so these points are interpreted as the 
poles of the two-spheres; that is, the axis of symmetry is x = ^3,^4; with x = ^3 pointing at 
infinity, and x = ^4 pointing at the other black hole. There is a divergence in the metric at 
X = y, which is interpreted as the point at infinity, so y is restricted to the range £0 < y < x. 
Spatial infinity is reached only along the axis, that is, when y = x = ^3, and null or timelike 



infinity when y = x 7^ ^3 |12]. 



This solution has a manifest duality symmetry under 

F ^ G, (p ^ -(j), (33) 
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and 

Q ^ P, T. ^ -T., B ^ E, k ^ k' , (1)0 ^ -(po. (34) 



As in the Ernst solution [10|, the background fields provide the force necessary to accelerate 
the black holes. To eliminate the nodal singularities in this metric at x = ^3 and a; = ^4 
simultaneously, A must be chosen so thatQ 

G'fe)A(e4)^(e4) = -G"(e4)A(e3)^(e3) (35) 

and we must take Aip = AttL^ /G'{^3), where I have introduced = A(^3)^'(^3). In the limit 
r^A <C 1, (^) reduces to Newton's law, MA ~ BP + EQ, and in general it determines the 
acceleration of the black holes in terms of the other parameters. 
If I set r-i- = r_ =0, ( ^l]) becomes 



ds^ = J2(^^[a-y'')dt''-{l~y')-'dy^ (36) 



1 - 



+ (1 - x^y^dx"^] + -7— To} vyd^"^, 

^ ' A^A2(x -yf 



where 



and 



1 2 



A = l + -5^-^- (37) 

2 A^{x-yY ^ ' 



l-x^ 



^^> = l + -E^— -. (38) 

2 A^{x-y)^ 

This is just the [7(1)2 Melvin solution (|l|) in non-standard coordinates [^. That is, the [/(l)^ 
Melvin solution is a special case of the U{1)'^ Ernst solution, where the black hole parameters 
are set to zero. 

The C/(l)2 Ernst solution ( pl| ) also approaches (16) at large spacelike distances, that is, 
when we go to infinity along the axis. Spatial infinity corresponds to x,y — > ^3, and in this 
limit it is convenient to use the change of coordinates given in |^ , 

_ 4F(g3)L2 

^ G'{^3)A^ (p2 + C2)2 ' ^^^^ 

For large p'^ + C'^, the U^l)"^ Ernst solution in these coordinates reduces to 

ds^ ^ A^{-C^dv' + de + dp') + (42) 

where 

A = (l + lB|p^)withi3| = |!^. (43) 



^Note that A{^i) = A{x = fj) and = = CO are constants. 
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and 



If I now set t = C sinh r], z 
and gauge fields tend to 



A, 



= (l + -i?^p)withi?^ = ^^^^^. 

("coshr/, we once again regain (|T6|). For large /O^ + 



-20 



-201 



.pAfe) A 



P0O 



5,; 



-00 



(44) 
the dilaton 

(45) 

(46) 



A(e3)i/2 2A ' ^(6)^/2 2§ ' 

so if I set 6^"^° = A(^3)/^(^3), I recover ( p^ ) in this limit. I will take this to define (po in general. 
Thus, I recover the U{1)'^ Melvin solution at large spacelike distances, and this allows me to 
identify the physical strength of the background fields in the Ernst solution as Ee and Be- 
We can also calculate the physical charges on the black hole by integrating the field tensors 
over two-spheres surrounding the black holes. We find 



and 



P 



Q 



1 

47r 
1 

4tt 



G 



G'(6)A(e4)i/2 (1 - s^e4)(i - s^es) 



(47) 



(48) 



G' (6)^(^4)1/2 (1 + ^AU){1 + s^es) ' 

where a and (3 are given by ( pO| , ^ ). 

The solution (|2^) describes two black holes accelerating away from each other, propelled by 
the background fields. Now we take the Euclidean section obtained by taking r = zt in (UW. 



Half the Euclidean section gives an instanton describing black hole pair production |13, [ij]. 
There are three possible instantons: one describing pair production of non-extreme black holes, 
one describing pair production of extreme black holes, with = 6, and another special case 
when ^2 = Cs- We will not consider this last here, as it does not describe black hole pair 
production (see |15] for more details of this case). 

Let us first consider the non-extreme or wormhole instantons, i.e., ^ < ^ < In the 
Euclidean section, we must restrict ?/ to .^2 ^ y ^ to obtain a positive definite metric, and 
(y, r) are now also coordinates on a two-sphere, except when x = ^3. We must impose another 
condition on the parameters to eliminate the possible conical singularities at the black hole 
horizon y = £,2 and the acceleration horizon y = ^ simultaneously. Namely, the period of r 
must be taken to be Ar = 47r/|G'(6)|, and we must set 



where G(^) is given by d2 



\G'{^2)\ = \G'{i,)l 
This condition is satisfied by setting 











^4 


-6 






U2 




^4 


-^3 



(49) 



(50) 



This condition provides a further restriction on the black hole parameters, which may be 
thought of as determining the mass of the black hole in terms of its charges. More precisely, 
we can solve it for r-A in terms of r+A and SA. The whole Euclidean section is a bounce. 
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that is, an instanton-anti-instanton pair joined along a spacelike slice. The topology of the 
bounce is 5^ x — {pt}, where the removed point is x = y = .^3. 

For the extremal instantons, when ^1 = we must take At = 47r/|G'(.^3)| to ensure 
regularity at the acceleration horizon. The black hole event horizon is at infinite distance in 
all spatial directions, so we do not have to worry about a conical singularity there. The range 
of y in the Euclidean section is now ^2 < 2/ < so that (y, r) are now polar coordinates on an 
R^, except when x = ^3. The extremal bounce has topology S"^ x B? — {pi}, and the instanton 
can be interpreted as creating a pair of extremal black holes, with infinitely long throats. 

However, I have found that, unlike the case with one U{\) gauge field [P, the extremal 
solutions do not become spherically symmetric near the event horizon, and therefore do not 
approach the static black hole solutions at this internal infinity. This can be most easily seen 
by computing the intrinsic curvature scalar for the black hole horizon itself when the black 
holes are extremal, and calculating its numerical values at some typical horizon positions. I 
will omit the rather unilluminating formula for ^R, and simply state that one finds that the 
curvature is larger at the poles than at the equator of the two-sphere. Since the horizon is not 
a round two-sphere, the solution cannot be spherically symmetric. The point of this is that, 
unlike the case with one gauge field, even the extremal black holes are accelerating in some 
sense. It would be interesting to see if this could be extended to a Kaluza-Klein theory with 
two gauge fields, as in the usual Kaluza-Klein theory there is a well-defined sense in which the 
extremal black holes move on geodesies, and are thus not accelerating. 

Another difference that it is worth highlighting is that, even once the no-strut condition 
(]35| ) and either ( ^0|) or ^1 = ^2 have been satisfied, there are still four parameters in the 
solution, the two charges Q and P of the black hole and the background field strengths Be 
and Ee- This means we have a lot more freedom than in the Einstein-Maxwell case, where 
we only had two parameters once the regularity constraints were satisfied. In particular, if Q 
and P have opposite signs, it is possible to take large values of Be and Ee without producing 
very large accelerations. This implies that, unlike the case with one U{1) gauge field there 
does not seem to be any universal bound on QEe or PBe- 



4 The pair creation rate 

Having described the pair creation instanton, I now turn to the calculation of the pair creation 
rate. The principal results are that the pair creation rate for non-extreme black holes is 
enhanced over that for extreme black holes by e^^^^^ (as in the Einstein-Maxwell case Q), the 
pair creation rate is always suppressed, and it reduces to the Schwinger result in the limit of 
small black holes. The U{1)'^ Ernst metric reduces to the Ernst metric when = 0, and to 
the dilaton Ernst metric when either F ox G vanishes, and so I can check the calculation by 
showing that it agrees with the results of ^ in these cases. 

The amplitude for pair creation in a background field is given by the path integral 

^ = 1 d[g]d[A]d[B]e-' , (51) 

where the action / in the path integral is the action @) , and the integral is over all metrics and 
gauge fields which interpolate between the background fields at infinity and a spacelike slice 
which contains the pair of black holes. If there is an appropriate instanton, we assume that ^ 
will be approximately ^ ~ e~^, where / is now the action of the instanton. The pair creation 
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rate T is given by the modulus squared of this amplitude, so it will be approximately T ^ e~^*' , 
where lb is the action of the bounce. For the pair creation of black holes, the Euclidean sections 
of the solutions discussed in Sec. |^ are the bounces, so the calculation of the pair creation 
rates reduces to the problem of the calculation of the actions of these bounces. 

The simplest way to evaluate the action is by a Hamiltonian decomposition, following the 
techniques given in ||l^ . Since the solutions we are interested in are stationary, if the Euclidean 
section was of the form S x 5^, where the 5"^ factor represents the time direction, the action 
would just be given by / = where H is the Hamiltonian and (3 = Ar is the period in 
imaginary time. However, the time-translation Killing vector has fixed points at the black hole 
event horizon and the acceleration horizon, so by doing this we have neglected a contribution 
from a neighbourhood of each horizon. Including the contributions from these corners, the 
total Euclidean action is (in the non-extreme case) 

I = f3H--^{^A + Abh). (52) 
where Abh is the area of the black hole horizon, and is the difference in area of the 



acceleration horizon between the solution and the background ^. In the extreme case, the 
term proportional to Abh is absent, as the black hole event horizon is not part of the Euclidean 
section. The Hamiltonian if, which is only defined with respect to the background spacetime. 



can be expressed as [16 



H 



I ^^-^ / N{^K-^Ko), (53) 



where N is the lapse, TL is the Hamiltonian constraint, is the trace of the two dimen- 
sional extrinsic curvature of the boundary near infinity, and "^Kq is the analogous quantity for 
the background spacetime. On solutions, the constraint vanishes, and so the only non-zero 
contribution comes from the gravitational surface term. 

To calculate this surface term, we need to introduce a boundary near infinity, and calculate 
its extrinsic curvature in the instanton and the background solution. To ensure that the 
boundary used in both calculations is the same, I need to match the intrinsic features of the 
boundary; that is, the induced metric, the gauge field, and the value of the dilaton on the 
boundary. 

I take the boundary in the U{1)'^ Ernst solution to be 

x = iz + ^EX, y = + e£;(x - 1), (54) 
where < x !^ 1) and make the coordinate transformations 

2L^ 2 

and I assume that the boundary in the 11(1)"^ Melvin solution lies at 

x = -l + eMX[l + ei?/(x)], (56) 

y = -l + eM{x-m + ^Eg{x)] (57) 

in the accelerated coordinate system p^). Other choices for the boundary in the U{1)'^ Melvin 
solution may be possible, but this is the only choice that I have been able to explicitly carry 
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out. We evaluate all quantities to second nontrivial order in e^;, as higher-order terms will not 
affect the result in the limit e^; — > 0. For the U{1)'^ Ernst metric, the induced metric on the 
boundary is 



4x 



dtp' 



12 



where 



and 



2L^BlF{i,)x ( 1 H"{^,) 2^AeE 



= 1 + 



1 iJ^^fe) 2SAei; 



The gauge potentials on the boundary for the U{1)^ Ernst solution are 



and 



^{^3)Ee 



2L^F{C3)Blx. 
2L^F{^s)Elx. 



The dilaton at the boundary is 



Afe)A 



1 



2Syle, 



1 - SM2e| 



For the ^7(1)^ Melvin solution, the induced metric on the boundary is 
-A* 



S = 



{l-eE{x-l)f{x)+eEX9{x) 



2x{x - l)A^eM 

-2eEx{x - W'ix) - g'ix)] - 2e£;[x/(x) - (x - l)9{x)]} dx^ 
A^A'^eM 



(58) 



(59) 
(60) 

(61) 
(62) 

(63) 
(64) 



where 



A 



1 - ^eMX + eEfix) - 2e£;[x/(x) - (x - l)5(x)]} V, 

-2eE[x/(x)-(x-l)5(x)]} 



(65) 



and 



1 + 



A^eu 



1 - o^A^X + es/Cx) 



(66) 



2eE[x/(x)-(x-l)5(x)]} 



11 



The gauge potentials on the boundary in Melvin are 



and 



Bm 



Cm 



1 



Em 



1 



and the dilaton at the boundary in f7(l)^ Melvin is 

A 



-2(f) 



where A is given by (|6^) and \& is given by pq). 
I fix the remaining coordinate freedom by taking 



(67) 



(68) 



(69) 



A' 



and write 



^ = ^.1/2 (1 - 7ei?) , Bm = Be{1 + aes) , Em = i^i? (1 + /3es) 



^(^3)1/2 



(70) 



(71) 



I then find that the intrinsic metric, gauge potentials and dilaton on the boundary can all be 
matched by taking 

"""^^'Ie, (72) 



Cm 



/(x) = ^^(4x-3), g{x) = ^^{ix-l), 



and 



7 = a = — /? 



EA 



(73) 



(74) 



1-SM2£|' 

Note that the lapse function is also matched by these conditions. For the U{1)'^ Ernst 
metric, the lapse function at the boundary is given by 



N 



4L2F(e3)(l-x)AV 



1 

2 r 



A^eEG'iCs) 

While the lapse function for the U{1)'^ Melvin metric is 



1 , ,H"{^3) 1 F'{^3) 

i + r-(^-i)^ + r-F(e^ 



(75) 



N 



2(l-x)AvI/ 



A^eM 

-ei?[x/(x) - (X - l)5'(x)] 



1 - ^eM(x - 1) + ^eEgix) 



(76) 



so we see that the matching conditions (7C-74) make (^) and (^) equal as well. 
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The extrinsic curvature of this boundary embedded in the U{1)'^ Ernst solution is 



3) 



(4x - 3) 



(77) 



2'" Ffe) 

while the extrinsic curvature of the boundary embedded in the U{1)'^ Melvin solution is 



1 



3) 



(78) 



1 



i^(6 



13) 



Using the matching conditions (7C-74), one may now evaluate 



Therefore, taking the limit ce 



4 Jo 



LFiCsy/^XiP F(6) 
0, the Hamiltonian is 



(2X - 1) 



dx{2x - 1) = 0. 



The action is thus given by 



--(A^ + Ah) 



when the black holes are non-extremal, and by 



I 



1 



(79) 



(80) 



(81) 



(82) 



if the black holes are extremal. Note that the action in the non-extreme case is less than the 
action in the extreme case by —\Ahh, and thus the pair creation rate for non-extreme black 
holes in enhanced by e"^''''/^ over that for extreme black holes. A natural interpretation of this 
result is that the non-extreme black holes have e'^^''/^ more states than the extreme ones, as 
in the Einstein-Maxwell case |^. As the difference in entropy between the non-extreme and 
extreme solutions is also \Abh [ll, this suggests that the entropy is a reliable guide to the 
number of states, that is, the number of states of a black hole ~ e^'^'^ . 

I now proceed to calculate the right hand side of (|8l| ) and (|8^). The area of the black hole 
horizon is 

, , , 47rF(e2)L2 (^4 - es) 



A, 



bh 



y=S.2 



(83) 



Again, in the calculation of the difference in area of the acceleration horizon, I need to introduce 
a boundary, in this case a circle, at large distances, and match the intrinsic features of this 
boundary. The area of the acceleration horizon in the U{1)'^ Ernst spacetime up to a large 
circle at a; = ^3 + is 



Ae 



y=S.3 



47rL2F(e3 



^2G'(6)(e4-6) 



(84) 
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where p\ = 4lF{^^)L?' /[G' {^■^)A^eE\- The area of the acceleration horizon in the U^Vf Melvin 
spacetime inside a circle at /? = pM is Am = t^Pm- 

Now I need to match the proper length of the boundary, the integral of both gauge potentials 
around the boundary, and the value of (j) at the boundary. The proper length of the boundary 
in the U{1)'^ Ernst solution is 



Ie 



EeBePe 
1 



(85) 



while the proper length of the boundary in the U{1)'^ Melvin solution is 



EmBmP. 



EmPm ^mPm 



The integral of the gauge potentials around the boundary are, in the U{1)'^ Ernst solution. 



and 



2tt e'^o^'(C3)i/2 
"b^ Afe)V2 

2tt e-<^oA(e3)^/2 



2 \ 



bIpI 

2 



while in the U{1)'^ Melvin solution, they are 

27r 



and 



^ A^dip 

f B^dip 
J Em 



Bm 
27r 



1 



BmPm j 
2 

'2 J2 



} 



(87) 



The dilaton at the boundary is 



-2<j} 



-20, 



1 + 



Tp2 '2 

^mPm 



2SA 4F(^3)L2 



^(6)^1 r ' 1- 22^2^1 G'(e3)AV| 
2 2 



(89) 
(90) 

(91) 



bIpI eIpI^ 



in the U{1)'^ Ernst solution, and 



-20 



Eh 



1 + 



2 2 \ 

BmPm Ejyfph J 



(92) 



in the C/(l)^ Melvin solution. Now e'^°,iBM and Em are given by ( [7l|) and (|7^), and we may 
see that we can match the proper length of the boundary, the integrals of the gauge fields and 
the dilaton if we also take 

1 F{C3)L^ rF"(6) 2F'(e3) ^ 



PM = PE il + 



pIG'{^3)A^ [H'i^s] F(6) 



(93) 
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This implies that the difference in horizon area is 



47rL2F(g3) 
47rL2F(g3) 



1 



+ 



^4 - 6 2H'{C3] 

(6 - gi) 

(6-e2)fe-ei) 



+ 



For the extreme case, we therefore have 



1 27rL2F(6) 
while for the non-extreme case, we have 



2 

(6 - 6 



(94) 



^(A^ + Ah) 



(^2 



+ 



^3-6 

6) 



2F(6) 

nes) 
i^(6) 



(95) 



(96) 



i^(6)(e4-6 



(e3-6)(e3-6: 



27rL2F(e3) 
G'(e3)A2 



1 



i"(e3)(e3-6)(e4-6) 



where I have used the instanton condition 
that the action must be 

2vrL2F(e3) 



h 



^3 - 6 2F(e3 
to cancel the last two terms. Thus, I deduce 
1 F'iC,) 



(97) 



-^3-6 

in both cases. This answer agrees with the action of the Ernst sohition found in ||l|, ^ when 
S = (which implies -F(^) = 1), as it should. It also reduces to the answer for the action of 
the dilaton Ernst solution found in when either Q = or P = 0. Thus, this result is 

consistent with the previously-obtained results. 

The point-particle limit is r^A ^ 1, as the black hole becomes small on the scale set by the 
acceleration in this limit. In this limit, both the extreme and non-extreme black holes satisfy 
r+ ~ r_ 0. When r^A <C 1, the action reduces to 



h 



7rr_ 



ttM^ 



A BP + EQ' 



(98) 



where I have used Newton's law in the second step. The pair creation rate is e~^'', so we 
recover the Schwinger result (generalised to the case of two gauge fields) in this limit, as we 
would expect. That is, we find that small black holes are pair created at the same rate (to 
leading order) as we would expect for some hypothetical particles carrying the same mass and 
charges. In particular, the pair creation rate will be very small for realistic fields, as we must 
have M > Mpi for this semi-classical approximation to be valid. Because of the number of 
parameters involved, it is difficult to say anything more about the general behaviour of this 
action, but the qualitative agreement with Q| is remarkable, given the much more complicated 
nature of this solution, and the presence of twice as many free parameters. 



15 



5 Acknowledgements 

I am happy to acknowledge many helpful conversations with friends and colleagues, particularly 
Stephen Hawking, who I also thank for his comments on an earlier draft of this paper. I 
thank the Association of Commonwealth Universities and the Natural Sciences and Engineering 
Research Council of Canada for financial support. 

References 

[1] D. Garfinkle, S.B. Giddings and A. Strominger, Phys. Rev. D 49, 958 (1994). 

[2] H.F. Dowker, J.P. Gauntlett, D.A. Kastor and J. Traschen, Phys. Rev. D 49, 2909 (1994). 

[3] H.F. Dowker, J.P. Gauntlett, S.B. Giddings and G.T. Horowitz, Phys. Rev. D 50, 2662 
(1994). 

[4] R. Kallosh, A. Linde, T. Ortm, A. Peet, and A. Van Proeyen, Phys. Rev. D 46, 5278 
(1992). 

[5] E. Cremmer, J. Scherk, and S. Ferrara, Phys. Lett. 74B, 61 (1978). 

[6] G.W. Gibbons, Nucl. Phys. B 207, 337 (1982); G.W. Gibbons and K. Maeda, ibid. 298, 
741 (1988). 

[7] S.F. Ross, Phys. Rev. D 49, 6599 (1994). 

[8] S.W. Hawking, G.T. Horowitz and S.F. Ross, Phys. Rev. D 51, 4302 (1995). 

[9] D. Garfinkle, G.T. Horowitz, and A. Strominger, Phys. Rev. D 43, 3140 (1990), erratum 
D 45, 3888(E) (1992). 

[10] F.J. Ernst, J. Math. Phys. 17, 515 (1976). 

[11] M.A. Melvin, Phys. Lett. 8, 65 (1964). 

[12] A. Ashtekar and T. Dray, Comm. Math. Phys. 79, 581 (1981); T. Dray, Gen. Rel. Grav. 
14, 109 (1982). 

[13] G.W. Gibbons, in Fields and Geometry 1986, Proceedings of the 22nd Karpacz Winter 
School of Theoretical Physics, Karpacz, Poland, edited by A. Jadczyk (World Scientific, 
Singapore, 1986). 

[14] D. Garfinkle and A. Strominger, Phys. Lett. B256, 146 (1991). 

[15] R.B. Mann and S.F. Ross, Phys. Rev. D 52, 2254 (1995). 

[16] S.W. Hawking and G. Horowitz, "The gravitational Hamiltonian, action, entropy and 
surface terms", DAMTP/R/94-52, fer-qc/9501014[ 



16 



